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Our Problem I

[ Data d € R" assumed uniform on L, (0) = {v € R", f4(v) < 6} j

Dictionary (v;)icr, {¥i:i € I} = RY (e.g. any frame or basis)

The most economical way to represent d =~ > X\;1»; = solving
4 ( min || Allo
(Pa) : 0
d) .
under the constraint : Z)\ﬂbi —d|| < T
k \ icl
IA]|o et #{i€1: X #0} Non-linear approximation

.|| and fy — norms to choose by the user

6 and 7 — parameters to choose by the user

[Measure the obtaining of an (exactly) K-sparse solution]

= val(Py) < K = length (code (d))
val(Py) = ||\||o for a solution X\ of (Py) and for K =0,..., N, 7 > 0.
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Related problems I

Minimum description length principle of Rissanen 1967

0 if t=0
Mo = D ¢(Ai)  where  o(t) =
2 L 120

Maximum a posteriori (MAP) energies with Markov-random field prior (signals, images)

(Eq) EN) = [[®Xx —d|; +BD w(Xi —Aj), where i~ j neighbors

i~

e )\ = image composed of labels = Potts model [Geman? 1984, Besag 1986,...]
e )\ € RY—since [Leclerc 1989]

e Theoretical results on arg min £(\) in [Nikolova 2005]

e Fast optimization scheme [Robini at al 2008]

e (Pg) and (&) related but no equivalent in general

Hard thresholding to denoise wavelet coefficients [Donoho & Johnstone 1992]
minimize || X; — g;||2 + Bd(Ni), Vi € T
where noisy coefficients g; = (¢}, d),Vi € I

e Amounts to a special case of (&)



Nonlinear approximation theory (K best term approximation.) (Review—see [DeVore 1998])

Performance measured by  inf {||d - Zaiwiﬂ : subjsct to dim(span(v;);cs = K}
JCI,aeRY P

Results depend on the regularity of data d but independent of their distribution. Performance

evaluation often depend on pessimistic constants.

Our main focus: Compression of large data sets (e.g. images)

large if K is small
Build a coder such that [P ( ]ength ( code (d ))) s

small if K is large

e FE.g., JPEG and JPEG200 use basis

e Much more can be obtained if (v;);cr is redundant (e.g. dictionaries)

Alternative formulations

m}\in |IA|lp subject to HZA“p, — dH <7, pejo,1], T2>0

e.g. Compressed sensing: p = 1 and 7 = 0 (=no noise) + numerous restrictions
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Outline of our work

(Pa) : m}in IA]|o subject to :

1€l

> Aip; — d
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. The basic concept

Measure of cylinder-like bounded subsets
Measure of the intersection of such sets

Sets of data yielding K-sparse solutions

Sets of data yielding exactly K-sparse solutions
Statistical meaning

Example - Euclidian norms and orthogonal basis

Open questions

[ all our results hold V
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1. The Basic Idea'

For any J C I define [TJ = span {(¢j)j€J}]

The O-level set of f: RY — R, forany § € R is [[,f(H) = {u € RY, f(u) < 9}}

Theorem.
I7(K) & {d c RN, val(Py) < K} Yy {TJ + Ly (r) : dimTy = K}
all data = solutions with < K coefficients £ 0 (i.e. K-sparse)
DT (K) ¥ {d c RN, val(Py) = K} — I7(K) — I7(K — 1)

all data yielding exactly K-sparse solutions

[We derive tight Upper/Lower bounds for Z7(K) and D™ (K )]
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Derivations:
measure | J {all different 7; + £||_||(T)} and subtract their multiple intersections

In practice, it is enough we subtract only intersections of order two.
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Preliminary results

81 > 0 and &2 > 0 defined by:  fa(w) < &1]|w|2 & ||lw]2 < dz|lw], Vw € RY

—— def .
A = §165 These constants are independent of the subspace chosen

7; = span ). vector subspace
Forany J C I and 7 > O: 7 P {(?’bg)JEJ} P

Ty =15+ Pra (Ly.1(T)) cylinder-like subset
K= dim(7y) P = projection

(1;)icr redundant = 7 can be “any” vector subspace

h(u) < inf {t >0 : % € Prp (ﬁn.n(l))}

Lemma. h is a norm on Ty and Lp(T) = Pr. (£||,||(T))




2. Measure of bounded cylinder-like sets.

vJ C I, V|.||, YT >0, 7T, isclosed and measurable
Vfa (norm) 3é; € [0, A] such that if @ > §,7 then

Proposition.

CyrN—"K@0 -6;7)E < LN(Tfﬁﬁfd(H)) < CymN=EK@O 4+ 657K

where CJ = LN_K(PTJJ_ (,ﬁ”.”(l)) ) ]LK(TJ M L.fd(]‘)) € (0, —|—OO)

Sketch of the proof.

wo: Lpn(1)x (VNLs, (1) — RY p1: Lp(1) x (VN Lg, (1) — RY
(u,v) = Tu+ (0 — 1)V (u,v) = Tu+ (0 +47)v
w0 (ch(n x (VN cfd(1))) — B 01 (,ch(1) x (VN Lfd(1))) - B

Bo C (T] mcfd(e)) C B

wo and 1 are Lipschitz homeomorphisms =- we can calculate the Lebesgue measure of By and B;



In_ 0 In_ 0
DQO() = TIN-K and Dgol = TIN-K
0 (0 —o7)Ik 0 0+ o7)Ik

Their Jacobians: [po] = det (Dpo) = 7875 (0 —67)% and  [p1] =det (Dp1) =7V 5 (0 +67)%.
See [Evans & Gariepi 92]:

LY (Bi) = [e:]dvdu

/’lVLE,Ch(l)CTJJ- \/’I;ETJH‘Cfd (1)

L' (Bo) = CyrN =5 (0 —67)8 and LY (B1) = CyrVN (0 +67)E

ﬁh(l)CTJJ‘ TJmLfd(l)

Using that LY(Bo) <LY(77 NLs,(0)) <LY(B1) yields the result.

Lemma. T =754+ L) (7) (easier to use!)
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3. Measure of the intersection of such sets'

The intersection of two cylinder-like bounded subsets is small and becomes negligible as
7/60 decreases. The theorem corroborates this intuition.

Proposition.

JLCI, JoCI : Ty, #7T5, dim(7y,)=dim(7y,) < K

For >0, 0 >0, T N7T; N Ly, (0) isclosed and measurable.
34, , €[0,3A] : if 6>6, , 7 =

(TT M TT a ‘Cfd(g)) < QJlJz TN = k(g + 0 JT1.T2 )ka k = dim (TJl M TJz)

Qry, = L' WL N Ly ,(262)) (W N Ly, (1) for W= T, NT,

Notice: Qy,s, depends only on |||, fas (¥i)ica,s (¥i)ics,
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A tighter bound is found in the proof
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4. Sets of data yielding K-sparse solutions I

Remind: | Z7(K) % {d c RN, val(Py) < K}

(data leading to a K-sparse solution)

Define: | Gx € {J C I:dim(7;) < K)

Proposition. (Surprising)

VK € {0,...,N}, Y|l.|, V7 >0 = I7(K)= |J 75+ Ly (7)
JeGg

Notations to get a non-redundant listing of {TJ : J € I}
VK =0,...,N, define J(K) by:

([ J(K) C {J CI:dim(Ty) = K}
J17J2 EJ(K) and J1¢J2 — ’1-.‘]1 #Ifz
| J(K) is maximal: if J1 C I and dim(7Zj,) = K then 3J € J(K) : T;5 =T,

N\

K
Notice: J(0)={0}, #J(N)=1, Gg D Uj(k), {T;:J€Grg}={7;:Je€TJk), k=0,...

k=0
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Theorem. | Z7(K) = U T7 = Z7(K)—-closed and measurable
JeIJ(K)

Notations—continued

O = 5y € [0,A Ck = C
K ng;%{) 7 €| | " JE;(K) !
e.g. Co = ]LN(£|||| (1)), Cpy = LN(ﬁfd(l))

H(K, k) = {(Jl,J2) € J(K)? : dim(Ty, NTy,) = k}, 0<k<K_—1

b & max{0, 2K — N}

Observe: kE<kx = H(K,k)=0

1!

Over-estimations: #J(K) < KN(#I — K)!

and #H(K, k) < #T(K)#JT(K —1), Vk < K
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. =
Ot = Max {O’ (J1,02) EH(K ) 5J1’J2} €[0.34]  Qur= ) Qs
(J1,J2)EH(K,k)

(b0 if K=0 )
— S S/ : AN
A =/ max{AK_1,6K,kK§r2%>§<_15K,k} fO<K <N }e€[0, 3A]
| max {An_1,6n]} if K =N J
[All these constants depend only on (v;)icr, (|-, fas K, k]

Theorem.

VK =0,...,N, VT >0 and 0 > TAx =

CxmNEK(O—-bxT)E—0Neo(K,1,0) <LV (Z(K)NL;, (0)) <CrmVNEK(O+0xT)E

V) 1N
eo(K,1,0) = E Qx k <—) (1—|—5K,k5) , O<KK<N, €9=0 else
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5. Sets of data yielding exactly K-sparse'

Remind: | D™ (K) = {d c RN : val(P,) = K}

(data leading to exactly K-sparse solutions)
Notice: D™ (K) =Z"(K)\Z" (K —1), 0 < K N, I7(-1) 0 then

Y (D7 (K) N Ly, (0)) = B (Z7(K) N Ly, (8)) — ¥ (T7(K — 1) N L, (6))

Theorem.

0> Tmax(Ag, A1) >0 =

CxmN—K(0 — o)X — 0Nl (K,1,0) <LV (D™ (K)N Ly, (6))
< CxmN—K(O+ 1)K +0Ne (K, T,0)
R K-—1
)N_(K_l) (1 + 6K—1%)
R K-—1
>N—(K—1) <1 B 51@15)

86(K7 7,0) = eo(K, 7,0) + Ck_1 (%

81(K,’T, 9) — €0(K — ]_,’T, 9) _éK—l (%
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6. Statistical meaning.
Theorem.

VK =0,...N, 0> 7TAg >0 ifd uniformon L, (0) =

S O L S CIC)
M) (5)  (1+9xg)
P (val(Py) < K) = LN(Zj(l)) (;)N—K o ((%)N—K) e g 0
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Theorem.

VK =1,...,N, 0 > tmax(Akg,Ax_1) >0, and d uniform on L¢,(0)

Ck
LN(‘C’fd(l)

) (;‘)N—K (1 — SK;->K — e (K,T,0) <P (val(Py) = K)

< FE® G)N_K (1+ SKDK et Hm6)

86(K7 T, 9)
]L’N(‘C’fd(l))

P (val(Py) = K) = LN(ZZ((I)) (;)N_K Yo ((T)N_K> 2 g 0

El(Ka T, 6)

e (K,7,0) = LN(ﬁfd(l))

and eT(K,T,0) =
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E(val(Pg)) = Y K P(val(Py) = K) =N — Z_ P (val(Py) < K)

K=1

Theorem.

If 6 > 7 max Ag >0 and d uniform on L;,(0) =
0<KN

N-—-1

N-Y Efd (1)) (T)N_K (1 + SK;)K < E (val(Pa))

K=0

€O(K7 T, 9)

=N - Z I ﬁfd(l)) (T>N_K (1 - SKDK (L)

6]\7 1 T T T
E (val(Pgq)) = N — N(Ls.(1)) 0 — 4o (0> as — — 0
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7. Example: Euclidian norms and orthogonal bases.
Theorem.

VK =0,...,N, if 6>vV2r>0 =

CEu(K) TN-KgK (\/1 - (5)2>K — 0Neo(K, T, 6)

< LY(ZT(K) N Ly, (0)) < Cum(K)TN~Ro%

€_O(Ka T, 9) < é:0(1{9 T, 9) < %(Ka T, 9)

)"
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eo(K, 7, 0) = 3. #(H(K, k) (k) (5
go(K,7,0) = Y r ot #(H(K, k)uk) (3)" 27

oy
2
!

w(K) = Tnmyry  #HUER) = CRCRTECR T




Theorem.

VK =0,...,N, if 6>vV2r>0 =

CE u(K) TN-KgK (\/1 _ (g)2> _ONe! (K, 7, 0)< I (D™ (K) N L£5,(0)) <

< CRu(EK)TN—HoXx 40N (K, T,0)

AK —-1,7,0) +eo(K,T,0) < ey(K,T1,0) < A(K —1,7,0) +0(K, T,0)

—A(K —1,7,0) (\/1 — (5)2>K_1 + eo(K — 1,7,0) < (K, T,0)

<-A(K-1,7,0) (\/1 — <79->2)K_1 + go(K —1,7,0)

A(K —1,7,0) = cE-ty(k — 1) (5)V Y
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Theorem.

VK =1,...,N, if 8 >+27 >0 and d uniform on L;,(0) =

\ K

NI @N_KQ/ - (;)2) - <P (val(Pa) < K) < CRu(K) (;)N‘K

o () ) i = o

~N—K ¢&1(K, 1,60
< CEv(K) (%) + 1;(N) )
a(K)a(N—K n wn/2
v(K) = 20T, aln) = L(L. (1) = et
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8. Conclusion and perspectives.

e Practical (lower/upper) bounds for the obtention of K-sparse or sparser solutions:

T

— I\/Ieasure(I“'(K) ﬂﬁfd(9)> and Measure(’D" (K) ﬁﬁfd(e)) g__)>0 C N (%)N_K
— P (val(Py) < K) and P (val(Py) = K)

e Evaluations for E (val(P;))  (Follows Cy_1as % — 0)

e All bounds can be calculated (numerically) for any particular choice for (v;);c7,
and fg, and 7 and 6

.“

e To get the sparsest approximation—tune ||.||, f4 and (1;)i € I to maximize Cx

o Upper — Lower bound ~ (Z)N—F+!

(small enough, can be improved)
e More general distribution for the data should be envisaged
e More precise results in the case of orthogonal bases

Papers available on: http://www.cmla.ens-cachan.fr/fileadmin/Membres/nikolova/
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