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Our Problem

�



�
	Data d ∈ IRN are uniform on θD = BNq (θ)

def
= {v ∈ IRN , ‖v‖q ≤ θ}

Orthonormal basis (ψi)i∈I

The most economical way to represent d ≈
∑

λiψi = solving�

�

�

�
(Pod) :















min
λ
‖λ‖0

under the constraint :

∥

∥

∥

∥

∥

∑

i∈I

λiψi − d

∥

∥

∥

∥

∥

≤ τ

‖λ‖0
def
= #

{

i ∈ I : λi 6= 0
}

Non-linear approximation

�
�

�
�Measure the obtaining of a K-sparse solution

≡ evaluate P
(

val(Pod) ≤ K
)

Notation: val(Pod) = ‖λ‖0 if λ solves (Pod)
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Related problems

Alternative formulations

min
λ

‖λ‖p subject to
‚
‚
‚

X

i∈I

λiψi − d

‚
‚
‚ ≤ τ, p ∈ [0,1], τ ≥ 0

Minimum description length principle of Rissanen (1967)

‖λ‖0 =
X

i∈I

ϕ(λi) where ϕ(t) =

8
<

:

0 if t = 0

1 if t 6= 0

Maximum a posteriori (MAP) energies with Markov-random field prior (signals, images)

(Ed) E(λ) =
‚
‚Ψλ− d

‚
‚2

2
+ β

X

i

ϕ(‖Diλ‖), where Di linear operator

(e.g. differences or discrete gradient)

• λ = image composed of labels ⇒ Potts model [Geman2 1984, Besag 1986,...]

• λ ∈ IRN—since [Leclerc 1989]

• Hard thresholding to denoise wavelet coefficients [Donoho & Johnstone 1992]

minimize ‖λi − gi‖
2
2 + βϕ(λi), ∀i ∈ I

where noisy coefficients gi = 〈ψi, d〉,∀i ∈ I

• Theoretical results on arg min E(λ) in [Nikolova 2005]

3



Nonlinear approximation theory (K best term approximation.) (Review—see [DeVore 1998])

For D ⊂ IRN and d ∈ D, performance is measured by the decay of

K → sup
d∈D

inf
J⊂I,λ∈IRJ

n

‖d−
X

i∈J

λiψi‖ : dim(span(ψi)i∈J = K
o

Performance evaluation only depends on D and it is pessimistic: it exhibits the worst case.

Our approach: Average Performance in Approximation (APA) methodology

Our focus: Study the behavior P
(

val(Pod )
)

as a function of the Model in a simple context (Basis)

Desideratum: P (val(Pd ))

8

<

:

large if K is small

small if K is large
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Context of this work

Tolerance constraint: for w =
∑

i λiψi

‖w‖
def
= (

∑

i |λi|
p)

1

p , 1 ≤ p <∞ and ‖w‖∞
def
= sup

1≤i≤n

∣

∣λi
∣

∣

Note that the numerical problem is easy to solve.

Substitute: d[i]← 〈d, ψi〉, ∀i. Then

(Pod) ⇐⇒ (Pd)

�



�
	(Pd) : min

u∈IRN
‖u‖0 subject to : ‖u− d‖p ≤ τ

d is uniform on θD = BNq (θ) (the θ-radius ℓq ball)
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1. The Basic Idea

For any J ⊂ I define
�
�

�
�TJ = span

˘

(ej)j∈J
¯

(ej)
N
j=1 the canonical basis of IRN

�
�

�
�T τJ = TJ +

`

TJc ∩ BN−K
p (τ )

´

K
def
= #J, #Jc = N −K

∀ K ≤ N we set

J (K) is a maximal non-redundant listing of all subspaces TJ of dimension K

Theorem

Στ
K

def
=

˘

d ∈ IRN , val(Pd) ≤ K
¯

=
[

J∈J (K)

T τJ =
[

J∈J (K)

TJ +
`

TJc ∩ BN−K
p (τ )

´

all data ⇒ solutions with ≤ K coefficients 6= 0 (i.e. K-sparse)

�

�

�

�

Derive tight Upper/Lower bounds for Στ
K ∩ B

N
q (θ)

Simulations in typical cases

Deduce bounds on P (val(Pd) ≤ K)
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2. Preliminary results

The Lebesgue measure of the ℓp unit ball on IRn, 1≤p≤∞
`
Γ(x) =

R ∞
0 e−yyx−1dy

´
:

αp(n)
def
= L

n`

Bn
p (1)

´

=

“

2Γ (1 + 1/p)
”n

Γ (1 + n/p)
, αp(n)

n→∞

� 0 if p < ∞

The ℓ1 ball

(industrial drawing)

Cut 2: u1 = t > 0

δp,qn
def
=

8

<

:

n
1

q
− 1

p if 1 ≤ q < p ≤ ∞

1 if 1 ≤ p ≤ q ≤ ∞
⇒ δp,qn ≥ 1 and

8

<

:

‖u‖q ≤ δp,qn ‖u‖p

‖u‖p ≤ δq,pn ‖u‖q
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We wish to measure sets of the form T τJ ∩ B
N
q (θ)

Industrial drawing: T τ{1} ∩ B
3
1(θ) for p=2

“

T τ{1} = span{e1} + B2
2(τ )

”

Cut 1: u1 =

„

θq−

„
τ

δq,p
2

«q« 1

q

Cut 3: u1 =
`
θq −

`
δp,q
2 τ

´q´ 1

q

∀J ∈ J (K), ∀1 ≤ p, q ≤ ∞ ∀θ > τ > 0 Vp,qN,K (τ, θ)
def
= L

N
(

T τJ ∩B
N
q (θ)

)

Below we provide bounds for Vp,qN,K (τ, θ)

8



∀t ∈ IR µq(t)
def
= max

n

(1− |t|q)
1

q , 0
o

, 1 ≤ q < ∞ and µ∞(t)
def
= 0

1≤K≤N−1

8

>

>

<

>

>

:

Lp,qK (τ, θ)
def
=

Z 1

0

µq
K

“

δ
p,q
N−K

τ

θ
s

1

N−K

”

ds

Up,qK (τ, θ)
def
=

Z 1

0

µq
K

„

1

δ
q,p
N−K

τ

θ
s

1

N−K

«

ds

Lp,qN (τ, θ)
def
= Up,qN (τ, θ)

def
= 1

Lp,qK (τ, θ) ∈ (0,1] (lower correction factor) ≤ Up,qK (τ, θ) ∈ (0,1] (upper correction factor)

Both are the limits of Riemann sums (used in the simulations) and→ 1 as τ
θ
→ 0

Theorem

J⊂ I, θ>τ> 0

1 ≤ p, q ≤ ∞
⇒

8

>

>

>

<

>

>

>

:

Vp,qN,K (τ, θ) ≥ αp(N−K)αq(K)
“τ

θ

”N−K

θN Lp,qK (τ, θ)

Vp,qN,K (τ, θ) ≤ αp(N−K)αq(K)
“τ

θ

”N−K

θN Up,qK (τ, θ)

In particular:

8

<

:

1 ≤ p = q <∞ ⇒ Up,qK (τ, θ) = Lp,qK (τ, θ)

q = ∞ ⇒ 1 = Up,qK (τ, θ) = Lp,qK (τ, θ)
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3. How to measure ΣτK ∩B
N
q (θ) =

⋃

J∈J (K)

(

T τJ ∩B
N
q (θ)

)

Exact measure of Στ
K ∩BN

q (θ) needs we decompose it into disjoint sets and then measure

the sum of the latter. It means we subtract from Στ
K ∩ BN

q (θ) multiple intersections like

T τ
J1

∩ T τ
J2

∩ BN
q (θ), T τ

J1
∩ T τ

J2
∩ T τ

J3
∩ BN

q (θ), and so on, for J1, J2, J3... ∈ J (K), and

measure the result:

this is an open question

Instead we provide computable lower and upper bounds for L
N
(

ΣτK ∩B
N
q (θ)

)

Hopefully: multiple intersections of increasing order become smaller and smaller
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4. A straightforward upper bound

Theorem

L
N
(

ΣτK ∩B
N
q (θ)

)

≤ CKNV
p,q
N,K (τ, θ)

Arguments:

• L
N

`
Στ

K ∩ BN
q (θ)

´
≤

P

J∈J (K) L
N

`
T τ

J ∩ BN
q (θ)

´

• L
N

`
T τ

J ∩ BN
q (θ)

´
= Vp,q

N,K (τ, θ) whenever #J = K

• J (K) contains CK
N = N !

K!(N−K)!
elements

5. Derivation of a lower bound
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Second-order intersections

Lemma

(J1, J2) ⊂ J (K)2 ⇒ T τJ0
⊂

“

T τJ1
∩ T τJ2

”

⊂ T τ2
1

p

J0
where J0

def
= J1 ∩ J2

J1∈J (2), J2∈J (2)

Frontal view of the

inclusions for p = 1

These inclusions are sharp but yield loose

measure bounds (especially if p = 1)

The precise evaluation of

L
N

`

T τJ1
∩ T τJ2

∩ BN
q (θ)

´

remains an open problem

Note that T τ
J0

=
“

T τ
J1

∩ T τ
J2

”

if p = ∞

A key consequence: for J1, J2 ∈ J (K) we have
`
T τ
J1

\ Στ2
1

p

K−1

´
∩

`
T τ
J2

\ Στ2
1

p

K−1

´
=

=
“

T τ
J1

∩ T τ
J2

”

\ Στ2
1

p

K−1 ⊂ Στ2
1

p

K−1 \ Στ2
1

p

K−1 = ∅
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Lower bound

Since


T τ
J \ Στ2

1

p

K−1 : J ∈ J (K)

ff

are disjoint

L
N

`
Στ

K ∩ BN
q (θ)

´
≥

X

J∈J (K)

L
N

``
T τ

J \ Στ2
1

p

K−1

´
∩ BN

q (θ)
´

Note that
`
T τ

J \ Στ2
1

p

K−1

´
∩ BN

q (θ) ⊃
`
T τ

J ∩ BN
q (θ)

´
\

[

j∈J

`
T τ4

1

p

J\{j} ∩ T τ
J ∩ BN

q (θ)
´

| {z }

⊂
`
T τ

J ∩ BN
q (θ)

´

⇒ L
N

`
Στ

K ∩ L‖.‖q
(θ)

´
≥

X

J∈J (K)

L
N

`
T τ

J ∩ BN
q (θ)

´

| {z }
−

X

J∈J (K)

L
N

` [

j∈J

`
T τ4

1

p

J\{j}
∩ T τ

J ∩ BN
q (θ)

´´

Vp,q
N,K (τ, θ)

We find L
N

`
T τ

J ∩ T τ4
1

p

J\{j}
∩ BN

q (θ)
´
≤ 2τ4

1

p Vp,q
N−1,K−1 (τ, θ). Hence

Theorem

L
N
(

ΣτK ∩B
N
q (θ)

)

≥ CKN

(

Vp,qN,K (τ, θ)− 2τK4
1

pVp,qN−1,K−1 (τ, θ)
)
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6. Simulations

0

0−1−2−3−4−5−6

−50

−100

−150

−200

−250

log(αp(N − K)αq(K))

log(αp(N − K)αq(K)) + (N − K) log
`

τ
θ

´
+ N log(θ)

log
`

τ
θ

´

log(Vp,q
N,K (τ, θ))

log

„

1
δ

p,q

N−K

«

log
`
L
N

`
BN

q (θ)
´´

αp(N − K)αq(K)
`

τ
θ

´N−K
θNLp,q

K (τ, θ) ≤ Vp,q
N,K (τ, θ) ≤ αp(N − K)αq(K)

`
τ
θ

´N−K
θNUp,q

K (τ, θ)

Lp,q
K (τ, θ) and Up,q

K (τ, θ) are the limits of Riemann sums. Using Cylinder inclusions for T τ
J ∩ BN

q (θ):

θ>δp,q
N−Kτ >0 ⇒ 0<

“

1−
“

δp,q
N−K

τ

θ

”q”K/q
≤Lp,q

K (τ, θ)≤Up,q
K (τ, θ) and θ>τ >0 ⇒ Up,q

K (τ, θ)≤1
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Case p = 1, q = 2, K = 90, N = 100

· · · · · · Value of τ/θ where

the inner cylinder disappears

——– Total mass of the ball

− − − Upper bound—Cylinder inclusions

∗ ∗ Lower bound—Cylinder inclusions

− − − Upper bound—Riemann sum

∗ ∗ Lower bound—Riemann sum

10
−10

10
−8

10
−6

10
−4

10
−2

10
0

10
2

10
−140

10
−120

10
−100

10
−80

10
−60

10
−40

10
−20

10
−1

10
0

10
−55

10
−50

10
−45

10
−40

The Cylinder bounds are less accurate but close to the Riemann bounds. They are accurate for

surprisingly large values of τ
θ
.
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Case p = 1, q = 1, K = 90, N = 100

· · · · · · Value of τ/θ where

the inner cylinder disappears

——– Total mass of the ball

− − − Upper bound—Cylinder inclusions

∗ ∗ Lower bound—Cylinder inclusions

− − − Upper bound—Riemann sum

∗ ∗ Lower bound—Riemann sum

10
−10

10
−8

10
−6

10
−4

10
−2

10
0

10
2

10
−220

10
−210

10
−200

10
−190

10
−180

10
−170

10
−160

10
−150

10
−140

10
−130

10
−120

10
−1

10
0

10
−142

10
−140

10
−138

10
−136

10
−134

10
−132

10
−130

10
−128

The Cylinder bounds are less accurate but close to the Riemann bounds. The upper and lower

bounds computed with Riemann sums are equal.
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Case p =∞, q = 1, K = 10, N = 100

· · · · · · Value of τ/θ where

the inner cylinder disappears

——– Total mass of the ball

− − − Upper bound—Cylinder inclusions

∗ ∗ Lower bound—Cylinder inclusions

− − − Upper bound—Riemann sum

∗ ∗ Lower bound—Riemann sum

10
−10

10
−8

10
−6

10
−4

10
−2

10
0

10
2

10
−300

10
−280

10
−260

10
−240

10
−220

10
−200

10
−180

10
−160

10
−140

10
−120

10
−3

10
−2

10
−1

10
0

10
−190

10
−180

10
−170

10
−160

10
−150

10
−140

10
−130

The difference between the Cylinder and the Riemann bounds is high. This case is less favorable.
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Riemann sums for p = 2

q = 1 Blue

q = 2 Red

q = ∞ Green

10
−3

10
−2

10
−1

10
0

10
−300

10
−250

10
−200

10
−150

10
−100

10
−50

K = 10

10
−5

10
−4

10
−3

10
−2

10
−1

10
−300

10
−250

10
−200

10
−150

10
−100

10
−50

10
0

10
−8

10
−6

10
−4

10
−2

10
0

10
−200

10
−150

10
−100

10
−50

10
0

K = 50 K = 90

Lines are indeed parallel. The difference between curves is due to αp(N − K)αq(K).
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Riemann sums for p = 2

K = 20 Blue

K = 40 Red

K = 60 Green

K = 80 Turquoise
10

−9
10

−8
10

−7
10

−6
10

−5
10

−4
10

−3
10

−2
10

−1
10

0
10

1

10
−300

10
−250

10
−200

10
−150

10
−100

 

 

Value of tau/theta at which the inner cylinder disappears
Total mass of the ball
Upper bound K=20, N=100, theta=1 q=1 p=2
Lower bound K=20, N=100, theta=1 q=1 p=2
Upper bound K=40, N=100, theta=1 q=1 p=2
Lower bound K=40, N=100, theta=1 q=1 p=2
Upper bound K=60, N=100, theta=1 q=1 p=2
Lower bound K=60, N=100, theta=1 q=1 p=2
Upper bound K=80, N=100, theta=1 q=1 p=2
Lower bound K=80, N=100, theta=1 q=1 p=2

q = 1

10
−9

10
−8

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

10
1

10
−300

10
−250

10
−200

10
−150

10
−100

10
−50

10
0

 

 

Value of tau/theta at which the inner cylinder disappears
Total mass of the ball
Upper bound K=20, N=100, theta=1 q=2 p=2
Lower bound K=20, N=100, theta=1 q=2 p=2
Upper bound K=40, N=100, theta=1 q=2 p=2
Lower bound K=40, N=100, theta=1 q=2 p=2
Upper bound K=60, N=100, theta=1 q=2 p=2
Lower bound K=60, N=100, theta=1 q=2 p=2
Upper bound K=80, N=100, theta=1 q=2 p=2
Lower bound K=80, N=100, theta=1 q=2 p=2

10
−9

10
−8

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

10
1

10
−300

10
−250

10
−200

10
−150

10
−100

10
−50

10
0

10
50

 

 

Value of tau/theta at which the inner cylinder disappears
Total mass of the ball
Upper bound K=20, N=100, theta=1 q=infinity p=2
Lower bound K=20, N=100, theta=1 q=infinity p=2
Upper bound K=40, N=100, theta=1 q=infinity p=2
Lower bound K=40, N=100, theta=1 q=infinity p=2
Upper bound K=60, N=100, theta=1 q=infinity p=2
Lower bound K=60, N=100, theta=1 q=infinity p=2
Upper bound K=80, N=100, theta=1 q=infinity p=2
Lower bound K=80, N=100, theta=1 q=infinity p=2

q = 2 q =∞
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7. Statistical meaning

Data d ∼ Uniform(BNq (θ)) ⇒ Bounds
`
P (val(Pd) ≤K)

´
=

Bounds
`
L
N

`
ΣτK ∩BNq (θ)

´´

L
N

`
D

´
= θNαq(N)

Theorem

(i) P (val(Pd) ≤ K) ≤
CKN

θNαq(N )
Vp,qN,K (τ, θ)

(ii) P (val(Pd) ≤ K) ≥
CKN

θNαq(N )

“

Vp,qN,K (τ, θ) − τ2K4
1

pVp,qN−1,K−1 (τ, θ)
”

Data live in a wide domain (θ is large), tolerance τ is small (for higher precision):

Vp,qN,K (τ, θ) ∼ αp(N −K)αq(K)
`

τ
θ

´N−K
θN as

τ

θ
→ 0

Theorem [Asymptotics]

P (val(Pd) ≤ K) ∼ CKNαp(N−K)
αq(K)

αq(N)

(

τ

θ

)N−K

as
τ

θ
→ 0
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8. Example: problem comparison

0 10 20 30 40 50 60 70 80 90 100
10

−100

10
−50

10
0

10
50

10
100

10
150

10
200

10
250

 

 

ratio between probabilities for l1 data and l1 data, with the same theta and tau (it equals 1)
ratio between probabilities for l2 data with redundancy 1 and l1 data, with the same theta and tau
ratio between probabilities for l2 data with redundancy 10 and l1 data, with the same theta and tau
ratio between probabilities for l2 data with redundancy 100 and l1 data, with the same theta and tau
ratio between probabilities for l2 data with redundancy 1 and l1 data, with the different theta and tau

P
`
val(PM

d ) ≤ K
´

P (val(Pd) ≤ K)
=

CK
Mα2(K)α1(N)

CK
N α1(K)α2(N)βN−K

τ/θ fixed, β = 1

Level 1 : ———

M = N ◦ ◦ ◦ ◦

M
N

= 10 −−−

M
N

= 100 - . - . .

M=N,β =
“

α1(N)
α2(N)

”1

N

· · · · · · K

N = 100

(Pd) min ‖u‖0 : ‖u − d‖2 ≤ τ, d ∼ uniform on BN
1 (θ)

(PM
d ) min ‖u‖0 : ‖Au − d‖2 ≤ τ, A ∈ IRN×M , rank(A) = N, d ∼ uniform on BN

2 (βθ)

P

“

val(PM
d ) ≤ K

”

= CK
M

α2(N − K)α2(K)

α2(N)

“ τ

θ

”N−K 1

βN−K
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9. Conclusions and open questions

• APA methodology in the case of an ℓ0 objective and an orthonormal basis leads to

finer bounds and explicit formulae.

• Getting a higher P (val(Pd) ≤K) for K small needs we have p and q such that

αp(N−K)
αq(K)

αq(N )
is large for K small, and vice-versa.

• Precise evaluation of subsets of the form L
N

`
T τ
J1

∩ T τ
J2

∩BNq (θ)
´

is an open problem.

• Computing L
N

`
ΣτK ∩BNq (θ)

´
using Riemann sums is better than Cylinder inclusions.

• If q =∞, measures are exact; however, this case has a limited practical interest.

• Cases q ≤ p are more important in practice. Our bounds need further refinement.

Thanks for your kind attention!

For more details see: http://www.cmla.ens-cachan.fr/∼nikolova/
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